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HOMOGENEOUS LOCALLY NILPOTENT DERIVATIONS OF
NON-FACTORIAL TRINOMIAL ALGEBRAS
YULIA ZAITSEVA
Abstract. We describe homogeneous locally nilpotent derivations of the algebra of reg-
ular functions for a class of affine trinomial hypersurfaces. This class comprises all non-
factorial trinomial hypersurfaces.
1. Introduction
Let K be an algebraically closed field of characteristic zero and R an algebra
over K. A derivation of R is a K-linear map δ : R → R satisfying the Leibniz rule:
δ(fg) = δ(f)g + fδ(g) for all f, g ∈ R. A derivation δ is called locally nilpotent if for
every f ∈ R there is an m ∈ Z>0 such that δ
m(f) = 0.
Let X be an irreducible affine algebraic variety over K and Ga = (K,+) the additive
group of the ground field. Locally nilpotent derivations of the algebra K[X ] are known
to be in one-to-one correspondence with regular Ga-actions on the variety X, see e.g. [6,
Section 1.5].
Suppose that R is graded by a finitely generated abelian group K:
R =
⊕
w∈K
Rw.
A derivation δ : R→ R is said to be homogeneous if it maps homogeneous elements to homo-
geneous ones. In such a case, there exists an element deg δ ∈ K satisfying δ(Rw) ⊆ Rw+deg δ
for all w ∈ K. The element deg δ ∈ K is called the degree of δ.
Recall that an affine algebraic group is called a quasitorus if it is isomorphic to the direct
product of a torus and a finite abelian group. Suppose that a quasitorus H acts on the
variety X. Such an action corresponds to a grading on the algebra K[X ] by the group of
characters K of the quasitorus H :
K[X ] =
⊕
w∈K
K[X ]w, where K[X ]w = {f | h ◦ f = w(h)f ∀h ∈ H}.
It is easily shown that a locally nilpotent derivation of K[X ] is homogeneous with respect
to this grading if and only if the quasitorus H normalizes the corresponding Ga-action
on X. A description of homogeneous locally nilpotent derivations enables us to describe
the automorphism group of an algebraic variety, see e.g. [3, Theorem 5.5], [2, Theorem 5.5].
Fix positive integers n0, n1, n2 and let n = n0 + n1 + n2. For each i = 0, 1, 2, fix a tuple
li = (lij | j = 1, . . . , ni) of positive integers lij and define a monomial T
li
i = T
li1
i1 . . . T
lini
ini
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in the polynomial algebra K[Tij , i = 0, 1, 2, j = 1, . . . , ni]. By a trinomial we mean a
polynomial
g = T l00 + T
l1
1 + T
l2
2 .
A trinomial hypersurface X(g) is the zero set {g = 0} in the affine space An. By R(g) =
K[X(g)] we denote the algebra of regular functions on X(g).
Our motivation to study trinomials comes from toric geometry. Consider an effective
action T ×X → X of an algebraic torus T on an irreducible variety X. The complexity of
such an action is the codimension of a general T -orbit in X. It equals dimX − dimT .
Actions of complexity zero are actions with an open T -orbit. A normal variety admitting
a torus action with an open orbit is called a toric variety. IfX is a toric (not necessary affine)
variety with the acting torus T , then Ga-actions on X normalized by T can be described
in terms of Demazure roots of the fan corresponding to X; see [5], [15, Section 3.4] for the
original approach and [13, 4, 3] for generalizations.
Let T ×X → X be a torus action of complexity one. A description of Ga-actions on X
normalized by T in terms of proper polyhedral divisors may be found in [14] and [13]. It is
an interesting problem to find their explicit form in concrete cases.
The study of toric varieties is related to binomials, see e.g. [16, Chapter 4]. At the
same time, Cox rings establish a close relation between torus actions of complexity one and
trinomials, see [11, 10, 9, 3, 8]. In particular, any trinomial hypersurface admits a torus
action of complexity one.
In this paper we study locally nilpotent derivations of R(g) that are homogeneous with
respect to the ”finest” grading. This grading is defined in Construction 1. The ”finest” grad-
ing corresponds to an effective action of a quasitorus H on X(g). The neutral component
of the quasitorus H is a torus of dimension n− 2. It acts on X(g) with complexity one.
The weight monoid of a graded algebra R =
⊕
w∈K
Rw is the set S = {w ∈ K | Rw 6= 0}.
The weight cone of R is the convex cone ω in the rational vector space KQ = K ⊗Z Q
generated by the weight monoid S. A homogeneous derivation is said to be primitive if its
degree does not lie in the weight cone ω ⊆ KQ. It is clear that every primitive derivation
is locally nilpotent. The converse is false, see Example 7. An explicit description of all
primitive derivations of R(g) that are homogeneous with respect to the ”finest” grading
is given in [3, Theorem 4.4]1. Such derivations have the form hδC,β, where δC,β are some
special primitive derivations of R(g) (see [3, Construction 4.3] or Construction 2 below),
and h is a homogeneous element in the kernel of δC,β. We call derivations of the form hδC,β
elementary.
We expect that all homogeneous locally nilpotent derivations of trinomial algebras are
elementary (see Conjecture 1 in Section 5). We verify this conjecture in Theorem 1 for some
types of trinomials. In particular, the conjecture is proved for all non-factorial trinomial
hypersurfaces (Corollary 1). Corollary 2 gives a criterion for existence of homogeneous
locally nilpotent derivations of trinomial algebras. It enables us to give a new proof of
criteria for rigidity of factorial trinomial hypersurfaces, which was proved earlier in [1,
Theorem 1] (see Corollary 3).
The author is grateful to her supervisor Ivan Arzhantsev for posing the problem and
permanent support and to Sergey Gaifullin for useful discussions and comments.
1In [3], a more general class of affine varieties defined by a system of trinomials is studied, see [3,
Construction 3.1] for details.
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2. Preliminaries
In this section the ”finest” deg-grading and elementary derivations of a trinomial algebra
are defined.
Construction 1. Fix positive integers n0, n1, n2 and let n = n0 + n1 + n2. For each
i = 0, 1, 2, fix a tuple of positive integers li = (lij | j = 1, . . . , ni) and define a monomial
T lii = T
li1
i1 . . . T
lini
ini
∈ K[Tij , i = 0, 1, 2, j = 1, . . . , ni]. By a trinomial we mean a polynomial
of the form
g = T l00 + T
l1
1 + T
l2
2 .
A trinomial hypersurface X(g) is the zero set {g = 0} in the affine space An. It can
be checked that the polynomial g is irreducible, hence the algebra R(g) := K[Tij ] / (g)
of regular functions on X(g) has no zero divisors. We call such algebras R(g) trinomial.
We use the same notation for elements of K[Tij ] and their projections to R(g).
Following [9], we build a 2× n matrix L from the trinomial g as follows:
L =
(
−l0 l1 0
−l0 0 l2
)
.
Let L∗ be the transpose of L. Denote by K the factor group K = Zn / ImL∗ and by
Q : Zn → K the projection. Let eij ∈ Z
n, i = 0, 1, 2, j = 1, . . . , ni, be the canonical basis
vectors. The equalities
deg Tij = Q(eij) (1)
define a K-grading on the algebra K[Tij ].
Since g is a homogeneous polynomial of degree
µ = li1Q(ei1) + . . .+ liniQ(eini)
for some µ ∈ K and any i = 0, 1, 2, it follows that equalities (1) define a K-grading
on R(g) = K[Tij ] / (g) as well. By ”deg” we denote the degree with respect to this grading.
Example 1. Let g = T01T
3
02 + T
3
11 + T
2
21, i.e., L =
(
−1 −3 3 0
−1 −3 0 2
)
(see [3, Example 3.3]).
Since the matrix L can be reduced by integer elementary row and column operations to
the form
(
1 0 0 0
0 1 0 0
)
, it follows that the grading group K = Z4 / ImL∗ is isomorphic
to Z2. The grading can be given explicitly via
deg T01 =
(
−3
3
)
, deg T02 =
(
1
1
)
, deg T11 =
(
0
2
)
, deg T21 =
(
0
3
)
.
It is unique up to the choice of basis in Z4.
Example 2. Let g = T01T02 + T11T12 + T
2
21 and L =
(
−1 −1 1 1 0
−1 −1 0 0 2
)
.
The matrix L can be reduced by elementary row and column operations to the form(
1 0 0 0 0
0 1 0 0 0
)
, hence the group K = Z5 / ImL∗ is isomorphic to Z3. We can define the
grading explicitly via
deg T01 =
20
1
 , deg T02 =
 02
−1
 , deg T11 =
22
1
 , deg T12 =
 00
−1
 , deg T21 =
11
0
 .
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Example 3. Let g = T 201 + T
2
11 + T
2
21 and L =
(
−2 2 0
−2 0 2
)
.
Since L can be reduced to the form
(
2 0 0
0 2 0
)
, it follows that K = Z3 / ImL∗ is iso-
morphic to Z ⊕ Z2 ⊕ Z2. Denote Z2 = {[0]2, [1]2}; the grading can be given explicitly
via
deg T01 =
 1[0]2
[0]2
 , deg T11 =
 1[1]2
[0]2
 , deg T21 =
 1[0]2
[1]2
 .
The following lemma shows that the constructed deg-grading is the ”finest” grading on
the algebra R(g) such that all generators Tij are homogeneous.
Lemma 1. Let deg be the K-grading on the algebra R(g) defined in Construction 1 and
d̂eg be any K̂-grading on R(g) by some abelian group K̂ such that all generators Tij are
homogeneous. Then d̂eg = ψ ◦deg for some homomorphism ψ : K → K̂. In particular, any
derivation that is homogeneous with respect to deg-grading is homogeneous with respect to
d̂eg-grading too.
Proof. The weights ŵij = d̂eg Tij determine a well-defined grading on the algebra R(g) if
and only if the polynomial g is homogeneous with respect to the d̂eg-grading, i.e., the sums
li1ŵi1 + . . . + liniŵini ∈ K̂ are the same for all i = 0, 1, 2. The factorization of Z
n = 〈eij〉
by ImL∗ provides these equalities for the images of eij in K. Any other grading on R(g)
such that generators Tij are homogeneous is obtained by further factorization of the group
K = Zn / ImL∗, and this factorization is the required map ψ. 
The following construction is given in [3] and is described below in the case of trinomial
hypersurfaces (in notation of [3] that is r = 2, A =
(
0 −1 1
1 −1 0
)
, g = gI for I = {0, 1, 2},
R(g) = R(A, P0)).
Construction 2. Let us define a derivation δC,β of R(g). The input data are
• a sequence C = (c0, c1, c2), where ci ∈ Z, 1 6 ci 6 ni;
• a vector β = (β0, β1, β2) such that βi ∈ K, β0 + β1 + β2 = 0.
It is clear that for β 6= 0 as above either all entries βi differ from zero or there is a unique i0
with βi0 = 0. According to these cases, we put further conditions and define:
(i) if βi 6= 0 for all i = 0, 1, 2 and there is at most one i1 with li1ci1 > 1, then we set
δC,β(Tij) =
βi
∏
k 6=i
∂T
lk
k
∂Tkck
, j = ci,
0, j 6= ci;
(ii) if βi0 = 0 for a unique i0 and there is at most one i1 with i1 6= i0 and li1ci1 > 1, then
δC,β(Tij) =
βi
∏
k 6=i,i0
∂T
lk
k
∂Tkck
, j = ci,
0, j 6= ci.
These assignments define a map δC,β on generators Tij . It can be extended uniquely to
a derivation on K[Tij ] by Leibniz rule. Clearly, we have δC,β(g) = 0, whence the constructed
map induces a well-defined derivation of the factor algebra R(g).
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Lemma 2. Every derivation δC,β of the algebra R(g) is primitive and locally nilpotent.
The proof is given in [3, Construction 4.3].
Let h ∈ R(g) be a homogeneous element in the kernel of a derivation δC,β. The deriva-
tion hδC,β is also locally nilpotent.
Definition. We say that a derivation of a trinomial algebra R(g) is elementary if it has the
form hδC,β, where h is a homogeneous element in the kernel of δC,β. In addition, elementary
derivations of Type I are elementary derivations with δC,β corresponding to case (i) in
Construction 2; derivations of Type II are elementary derivations with δC,β corresponding
to case (ii).
Example 4. Suppose g = T01T
3
02+T
3
11+T
2
21 (see Example 1 and [3, Example 4.7]). Let us
find all elementary derivations of the algebra R(g). Note that there is a unique variable T01
in g with exponent 1. Hence only case (ii) with i0 6= 0 and C = (1, 1, 1) is possible. Thus,
we have two cases for elementary derivations of Type II:
(a) i0 = 1, that is β = (β0, 0,−β0) for some β0 ∈ K. Then
δC,β(T01) = 2β0T21, δC,β(T02) = 0, δC,β(T11) = 0, δC,β(T21) = −β0T
3
02,
i.e., δC,β = 2β0T21
∂
∂T01
− β0T
3
02
∂
∂T21
, h ∈ Ker δC,β;
(b) i0 = 2, that is β = (β0,−β0, 0) for some β0 ∈ K. Then
δC,β(T01) = 3β0T
2
11, δC,β(T02) = 0, δC,β(T11) = −β0T
3
02, δC,β(T21) = 0,
i.e., δC,β = 3β0T
2
11
∂
∂T01
− β0T
3
02
∂
∂T11
, h ∈ Ker δC,β.
Example 5. Let g = T01T02+T11T12+T
2
21 (see Example 2). There is a unique variable Tij in
the trinomial with exponent lij such that lij > 1. Hence the algebra R(g) admits elementary
derivations of both types: we can take any sequence C = (c0, c1, 1), c0, c1 ∈ {1, 2}, and any
vector β = (β0, β1, β2) under the condition β0 + β1 + β2 = 0. Let us give an example of
elementary derivation of Type I:
δC,β = T11T21
∂
∂T02
+ T01T21
∂
∂T12
− T01T11
∂
∂T21
.
Example 6. Let g = T 201 + T
2
11 + T
2
21 (see Example 3); all exponents in this trinomial are
greater than 1. Hence there exists no elementary derivation.
3. Auxiliary lemmas
We use notation introduced in the previous section. Let us recall some definitions. Let K
be an abelian group and R a K-graded algebra. By a K-prime element of R we mean a
homogeneous nonzero nonunit f ∈ R such that f | gh with homogeneous g, h ∈ R implies
f | g or f | h. We say that R is factorially K-graded if every nonzero homogeneous
nonunit of R is a product of K-primes. It is clear that this decomposition is unique up to
permutation of factors and multiplication by units.
Lemma 3. With the notation of Construction 1, the following statements hold.
(a) The generators Tij are pairwise nonassociated K-prime elements of R(g).
(b) The algebra R(g) is factorially K-graded.
This was proved in [9, Proposition 2.2(i) and Theorem 1.1(i)].
The following two lemmas include basic properties of locally nilpotent derivations.
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Lemma 4. Suppose δ : R→ R is a locally nilpotent derivation of a domain R and f, g ∈ R.
(a) If f | δ(f), then δ(f) = 0.
(b) The derivation fδ is locally nilpotent if and only if f ∈ Ker δ holds.
(c) If f | δ(g) and g | δ(f), then δ(f) = 0 or δ(g) = 0.
(d) If δ =
∑
m6i6n
δi, where all derivations δi are homogeneous with respect to some
Z-grading on R, δm, δn 6= 0, then δm and δn are locally nilpotent.
The proof can be found, for example, in [6, Principles 5, 7, 14 and Corollary 1.20].
Lemma 5. Let R be a finitely generated Zk-graded domain. If there exists a nonzero locally
nilpotent derivation of R, then R admits a nonzero homogeneous locally nilpotent derivation.
Proof. Denote given locally nilpotent derivation on R by δ(0). Consider the Z-grading on
the algebra R induced by the first component in Zk. Since R is finitely generated, we have
δ(0) =
∑
m6i6n
δ
(0)
i for some homogeneous derivations δ
(0)
i . It follows from Lemma 4(d) that
δ(1) = δ
(0)
n is a nonzero locally nilpotent derivation that is homogeneous with respect to the
Z-grading by the first component of Zk. Applying Lemma 4(d) k−1 times to the Z-gradings
by other components of Zk, we obtain a derivation δ(k) that is homogeneous with respect
to the grading by all components of Zk, i.e., with respect to the Zk-grading. 
The following lemma is proved in [7, Lemma 3.4]. For convenience of the reader we give
a short proof below.
Lemma 6. Let δ be a deg-homogeneous locally nilpotent derivation of an algebra R(g).
Then there exists at most one variable Tij in every monomial T
li
i such that δ(Tij) 6= 0.
Proof. Assume the converse. Then there is a monomial with at least two variables not
belonging to the kernel of the derivation. We can assume that these variables are T01 and
T02 in T
l0
0 .
Consider the following grading on the algebra K[Tij ]:
Tij T01 T02 T03 . . . T0n0 T11 . . . T1n1 T21 . . . T2n2
d̂eg Tij l02 −l01 0 . . . 0 0 . . . 0 0 . . . 0
The trinomial g is homogeneous (of degree 0) with respect to this grading, therefore the
d̂eg-grading is a well-defined grading on the factor algebra R(g).
By Lemma 1, it follows that the derivation δ is d̂eg-homogeneous. Then we have the
following two cases.
1) d̂eg δ > 0. Then d̂eg δ(T01) = d̂eg δ + d̂eg T01 > 0. Note that T01 is a unique variable
with a positive degree. Hence every monomial in δ(T01) includes T01 and therefore T01
divides δ(T01). But δ(T01) 6= 0 by assumption. This contradicts Lemma 4(a).
2) d̂eg δ 6 0. Then d̂eg δ(T02) = d̂eg δ + d̂eg T02 < 0. In the same way, T02 divides δ(T02)
and this contradicts Lemma 4(a). 
4. Main results
The following proposition and its proof are variations on [3, Theorem 4.4]. The distinc-
tions are the following. We consider only the case of trinomial hypersurfaces, and in [3,
Theorem 4.4] varieties defined by a system of trinomials are studied. At the same time, we
need only the assumption that images of monomials are proportional, and do not use the
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primitivity of derivations. The latter condition is stronger, since according to [3, Proposi-
tion 3.5], the dimension of the homogeneous component of degree w is equal to 1 whenever
w − deg g does not lie in the weight cone.
Proposition 1. Let δ : R(g) → R(g) be a deg-homogeneous locally nilpotent derivation.
Suppose that δ(T l00 ), δ(T
l1
1 ), and δ(T
l2
2 ) lie in a subspace of R(g) of dimension 1. Then the
derivation δ is elementary.
Proof. According to Lemma 6, there is at most one variable Tij in each monomial T
li
i such
that δ(Tij) 6= 0. Let K = {i | ∃ci : δ(Tici) 6= 0}.
Let us prove that if δ(Tici) 6= 0 and δ(Tkck) 6= 0, then lici = 1 or lkck = 1. Assume the
converse, so lici 6= 1 and lkck 6= 1. By the above, we obtain
δ(T lii ) = δ(Tici)
∂T lii
∂Tici
. (2)
Since lici 6= 1, we have Tici | ∂T
li
i /∂Tici , therefore Tici | δ(T
li
i ). Similarly, Tkck | δ(T
lk
k ). By
assumption, δ(T lii ) and δ(T
lk
k ) are proportional, hence Tkck | δ(T
li
i ) and Tici | δ(T
lk
k ). At the
same time, according to (2), δ(T lii ) is a product of δ(Tici) and variables that are not equal
to Tkck , whence by Lemma 3(b) we have Tkck | δ(Tici). For the same reason, Tici | δ(Tkck),
which contradicts Lemma 4(c).
Thus lici > 1 holds for at most one i ∈ K.
The elements δ(T lii ) are proportional, that is there exists an f ∈ R(g) such that
δ(T lii ) ∈ Kf for any i. It follows from equality (2) that ∂T
li
i /∂Tici divides f for all i ∈ K.
The application of Lemma 3(b) yields that the product
∏
i∈K
∂T lii /∂Tici divides f . Denote
this ratio by h. From (2) we have
f = h
∏
i∈K
∂T lii
∂Tici
, δ(Tici) =
βih
∏
k∈K\{i}
∂T
lk
k
∂Tkck
, i ∈ K,
0, i /∈ K.
Let βi = 0 for all i /∈ K. Let us show that the sum of all βi is equal to 0. Note that g
should divide
δ(g) =
∑
i∈K
δ(Tici)
∂T lii
∂Tici
=
∑
i∈K
βih ∏
k∈K\{i}
∂T lkk
∂Tkck
 ∂T lii
∂Tici
= h
(∑
i∈K
βi
)∏
k∈K
∂T lkk
∂Tkck
in the algebra K[Tij ], since δ is a well-defined derivation of the algebra R(g). But the
trinomial g and the monomial
∏
k∈K
(
∂T lkk /∂Tkck
)
are coprime in the factorial algebra K[Tij ].
Hence g divides the sum
∑
i∈K
βi, whence
∑
i∈K
βi =
∑
i
βi = 0.
Now let C = (c0, c1, c2) be any sequence completing the ci, where i ∈ K. Then we have
δ = hδC,β. The fact that h belongs to the kernel of δC,β follows from Lemma 4(b). 
We come to the main result of the paper.
Theorem 1. Let R(g) be a trinomial algebra. Suppose that there is at most one monomial
in g including a variable with exponent 1, that is (li1j1 = li2j2 = 1)⇒ (i1 = i2). Then every
deg-homogeneous locally nilpotent derivation of the algebra R(g) is elementary of Type II.
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Proof. Let us denote a deg-homogeneous locally nilpotent derivation of the algebra R(g)
by δ. By Lemma 6, there is at most one variable Tij in every monomial T
li
i such that
δ(Tij) 6= 0. Let K = {i | ∃ci : δ(Tici) 6= 0}.
1) Fix any i ∈ K such that lici > 1. We claim that Tici divides δ(Tkck) for any k ∈ K\{i}.
Denote by Zm = {[0]m, [1]m, . . . , [m − 1]m} the cyclic group of order m. Consider the
following Zlici-grading on R(g):
Tks T01 T02 . . . Tici . . . T2n2
d̂eg Tks [0]lici [0]lici . . . [1]lici . . . [0]lici
It is well defined since lici[1]lici = [0]lici , i.e., all monomials in g have the same degree [0]lici .
By Lemma 1, the derivation δ is d̂eg-homogeneous.
If d̂eg δ(Tici) 6= [0]lici then Tici divides δ(Tici). Indeed, this inequality implies that the
degrees of all monomials in δ(Tici) do not equal [0]lici , and it is possible only if every
monomial includes Tici (since Tici is a unique variable with a nonzero degree).
On the other hand, the fact that Tici divides δ(Tici) together with δ(Tici) 6= 0 contradicts
Lemma 4(a). Thus d̂eg δ(Tici) = [0]lici . Whence d̂eg δ = [lici − 1]lici 6= [0]lici . In particular,
d̂eg δ(Tkck) 6= [0]lici for k ∈ K \ {i}, and therefore Tici divides δ(Tkck).
2) Let us show that |K| 6 2. Assume the converse. By assumptions of the theorem,
|{i | lici = 1}| 6 1, whence |{i ∈ K | lici > 1}| > 2. Take any distinct i, k from the
latter set. According to 1), Tici divides δ(Tkck) and Tkck divides δ(Tici), which contradicts
Lemma 4(c).
3) Thus |K| 6 2. Then there are at most two nonzero δ(T lii ). On the other hand,
δ(T l00 ) + δ(T
l1
1 ) + δ(T
l2
2 ) = δ(g) = 0 in the algebra R(g). Consequently, δ(T
l0
0 ), δ(T
l1
1 ),
and δ(T l22 ) lie in a subspace of dimension 1. According to Proposition 1, the derivation δ
is elementary. In addition, there are at most two nonzero δ(T lii ). This implies that δ is
elementary of Type II. 
If a trinomial contains a linear term (i.e., nili1 = 1 for some i = 0, 1, 2), then the
corresponding trinomial hypersurface is isomorphic to the affine space Kn−1. Further we
assume that nili1 > 1 for all i = 0, 1, 2. According to [9, Theorem 1.1(ii)], in this case the
following statement holds.
Proposition 2. The following conditions are equivalent:
(a) the algebra R(g) is factorial;
(b) the group K in Construction 1 is torsion free;
(c) the numbers di := gcd(li1, . . . , lini) are pairwise coprime.
This proposition enables us to prove some consequences of Theorem 1.
Corollary 1. If an algebra R(g) is non-factorial, then any deg-homogeneous locally nilpo-
tent derivation of R(g) is elementary of Type II.
Proof. Let R(g) be a trinomial algebra that does not satisfy the conditions of Theorem 1.
It suffices to show that R(g) is factorial.
By assumption, g has at least two monomials including variables with exponent 1. There-
fore at least two of d0, d1, d2 are equal to 1, whence the numbers d0, d1, d2 are pairwise
coprime. By Proposition 2, R(g) is factorial. 
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Corollary 2. The algebra R(g) admits a nonzero deg-homogeneous locally nilpotent deriva-
tion if and only if lij = 1 for some i = 0, 1, 2, j = 1, . . . , ni.
Proof. If the condition lij = 1 holds for some pair (i, j), then there exists a derivation of
the form δC,β (see Construction 2, case (ii)). It is deg-homogeneous and locally nilpotent.
Let us prove the inverse implication by contradiction. Let lij > 2 for all i = 0, 1, 2,
j = 1, . . . , ni. Together with Theorem 1 this implies that all homogeneous locally nilpotent
derivations of R(g) are of the form hδC,β (where h ∈ Ker δC,β). However it follows from
Construction 2 that there is no derivation of the form δC,β under the condition lij > 2 for
all i = 0, 1, 2, j = 1, . . . , ni. This contradiction proves the corollary. 
An affine variety is called rigid if its algebra of regular functions admits no nonzero
locally nilpotent derivation. Geometrically, this means that the variety admits no non-
trivial Ga-action. The automorphism group of a rigid trinomial variety is described in [2,
Theorem 5.5].
Corollary 2 enables us to obtain a new proof of the result proved earlier in [1, Theorem 1].
Corollary 3. A factorial trinomial hypersurface X(g) is rigid if and only if lij > 2 for any
i = 0, 1, 2, j = 1, . . . , ni.
Proof. If the condition lij > 2 does not hold for some (i, j), then there exists a derivation
of the form δC,β (see Construction 2, case (ii)). This implies the ”only if” part.
Let us prove the ”if” part. According to Corollary 2, there exists no nonzero deg-
homogeneous locally nilpotent derivation of the algebra R(g). By Proposition 2 together
with factoriality we have that the group K is torsion free. Then by Lemma 5 the nonex-
istence of nonzero deg-homogeneous locally nilpotent derivations implies the nonexistence
of any nonzero locally nilpotent derivations of R(g). This means rigidity. 
Example 7. Consider g = T01T
3
02+T
3
11+T
2
21 (see Examples 1 and 4). This trinomial satisfies
the conditions of Theorem 1, whence all deg-homogeneous locally nilpotent derivations δ
of R(g) are divided into two classes:
(a) δ = 2hβ0T21
∂
∂T01
− hβ0T
3
02
∂
∂T21
, where h ∈ Ker δC,β, C = (1, 1, 1), β = (β0, 0,−β0);
(b) δ = 3hβ0T
2
11
∂
∂T01
− hβ0T
3
02
∂
∂T11
, where h ∈ Ker δC,β, C = (1, 1, 1), β = (β0,−β0, 0).
Some of them are not primitive, i.e., deg δ = deg hδC,β may lie in the weight cone ω for
some h ∈ Ker δC,β. Let us consider an example. The weight monoid is generated by the
vectors
deg T01 =
(
−3
3
)
, deg T02 =
(
1
1
)
, deg T11 =
(
0
2
)
, deg T21 =
(
0
3
)
,
whence the weight cone ω is the angle {−u 6 v 6 u}, where deg =
(
u
v
)
(see Figure 1).
In case (a), we have deg δC,β =
(
3
0
)
. Since for any k ∈ Z>0 the polynomial h = T
k
11
belongs to the kernel of δC,β, it follows that the derivation T
k
11δC,β is homogeneous and
locally nilpotent. Its degree equals k
(
0
2
)
+
(
3
0
)
=
(
3
2k
)
and lies in the weight cone for
k > 2.
Example 8. Let g = T 201 + T
2
11 + T
2
21 (see Examples 3 and 6). According to Corollary 2,
there exists no deg-homogeneous locally nilpotent derivation of R(g).
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u
v
ωdeg T01
deg T02
deg T11
deg T21
deg δC,β
deg T11δC,β
deg T 211δC,β
Figure 1. The weight cone in Example 7
Nevertheless the algebra R(g) admits a nonzero locally nilpotent derivation. For example,
consider the following derivation δ:
δ(T01) = iT21, δ(T11) = −T21, δ(T21) = −iT01 + T11,
where i ∈ K, i2 = −1. The derivation δ is locally nilpotent, since δ(−iT01 + T11) = 0,
δ2(T21) = 0, δ
3(T01) = 0.
5. Open questions
In this section we discuss several open questions related to locally nilpotent derivations
of trinomial algebras.
Conjecture 1. All deg-homogeneous locally nilpotent derivations of a trinomial algebra
are elementary.
In the proof of Theorem 1 we apply Proposition 1 to confirm Conjecture 1 for trinomial
algebras R(g) corresponding to trinomials g under the following condition: there exists
at most one monomial in g including variables with exponent 1. We would like to apply
Proposition 1 in the remaining case too, that is, when there exist at least two monomials
in g including variables with exponent 1. In this case, by Proposition 2, the algebra R(g) is
factorial, the group K is torsion free, and the quasitorus, whose action corresponds to the
deg-grading, is a torus of dimension n − 2. In [12], all deg-homogeneous locally nilpotent
derivations for several trinomial hypersurfaces are described. These hypersurfaces do not
satisfy the conditions of Theorem 1. In particular, the following statements are proved in
[12, Theorem 3.22 and Theorem 3.24].
Example 9 (compare with Example 5). Any deg-homogeneous locally nilpotent derivation
of the algebra R(g), where g = T01T02 + T11T12 + T
2
21, has the form
λT k0iT
l
1jT
p
21
(
T1j
∂
∂T1¯i
− T0i
∂
∂T1j¯
)
or
T k0iT
l
1j(α1T01T02 − α0T11T12)
p
(
α0T1jT21
∂
∂T0¯i
+ α1T0iT21
∂
∂T1j¯
−
α0 + α1
2
T0iT1j
∂
∂T21
)
,
where k, l, p ∈ Z>0, {i, i¯} = {j, j¯} = {1, 2}, α0, α1, λ ∈ K, α0 + α1 6= 0.
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Example 10. Any deg-homogeneous locally nilpotent derivation of the algebra R(g), where
g = T01T02 + T11T12 + T21T22, has the form
T k00i0T
k1
1i1
T k22i2(α2T11T12 − α1T21T22)
p
(
α0T1i1T2i2
∂
∂T0¯i0
+ α1T0i0T2i2
∂
∂T1¯i1
+ α2T0i0T1i1
∂
∂T2¯i2
)
,
where k0, k1, k2, p ∈ Z>0, {i0, i¯0} = {i1, i¯1} = {i2, i¯2} = {1, 2}, α0, α1, α2 ∈ K, (α0, α1, α2) 6=
(0, 0, 0), and α0 + α1 + α2 = 0.
One can check that any derivation δ from these examples is elementary, so Conjecture 1
holds in these cases. Moreover, δ(T l00 ), δ(T
l1
1 ), and δ(T
l2
2 ) lie in a subspace of dimension 1,
hence Conjecture 1 can be confirmed in these cases by Proposition 1 as well.
Besides the ”finest” deg-grading on the algebra R(g) by the group K one can consider
another grading on R(g) by the torsion free component K0 of K. Notice that the condition
to be homogeneous with respect to the deg-grading by the group K is more restrictive
than the condition to be homogeneous with respect to the grading by K0. According to
Proposition 2, the deg-grading by K coincides with the grading by K0 if and only if the
algebra R(g) is factorial.
Example 11. Let g = T 201+T
2
11+T
2
21 (see Examples 3, 6, and 8). According to Example 3,
we have K = Z + Z2 + Z2. Therefore K0 = Z and the degree with respect to the grading
by K0 is equal to the standard degree of a polynomial (the sum of exponents). Hence the
derivation δ from Example 8 is homogeneous with respect to the grading by K0. At the
same time, according to Example 8, there is no nonzero locally nilpotent derivation that is
homogeneous with respect to the K-grading.
If the algebra R(g) admits no nonzero K0-homogeneous locally nilpotent derivation, then
by Lemma 5 R(g) admits no nonzero locally nilpotent derivation, i.e., the variety X(g) is
rigid.
Problem 1. Describe all locally nilpotent derivations of a trinomial algebra R(g) that are
homogeneous with respect to the K0-grading.
Whereas the K-grading corresponds geometrically to the action of a quasitorus on the
trinomial hypersurface, the K0-grading corresponds to the action of its neutral component,
i.e., of the maximal torus. This means that Problem 1 asks for a description of Ga-actions
normalized by the maximal torus, that is, of the root subgroups in the automorphism group
of a trinomial hypersurface.
Problem 2. Describe all (not necessary homogeneous) locally nilpotent derivations of a
trinomial algebra R(g).
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